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Application of the Method of Integral Relations
to Real-Gas Flows Past Pointed Bodies

J. C. SOUTH JR.* AND P. A. NEWMAN|
NASA Langley Research Center, Hampton, Va.

The method of integral relations is a numerical analysis technique that is suitable for solv-
ing the nonlinear partial differential equations of fluid mechanics. The present paper sum-
marizes results obtained using the standard integral method as well as a modified method
to calculate real-gas flow past pointed bodies. All results are compared with independent
calculations by other methods. Specifically, the following flows have been computed: frozen
flow past pointed bodies with arbitrary surface curvature; nonequilibrium flow past wedges
and cones, vibrational relaxation in a pure diatomic gas or dissociation relaxation in the
Lighthill-Freeman gas model. It is found that the approximate set of ordinary differential
equations derived from the exact system of hyperbolic partial differential equations retains
much of the character of the exact system. That is, the approximate set 1) forms an initial
value problem where these values are determined from algebraic equations and 2) can be
stably integrated only if the step size is controlled by a stability criterion related to the Mach
line characteristic curves. It is concluded that the method of integral relations is generally
applicable to supersonic flow past a pointed body and readily adaptable to machine calculation.

Nomenclature

a,b — nonequilibrium weighting functions [Eqs. (13)]
cp — frozen-flow specific heat at constant pressure
CP = surf ace pressure coefficient, 2(p& — pm)
E = vibrational energy divided by cpTm
F,G,Q = see Eqs. (1)
k = number of independent exact partial differential

equations
K = body curvature [Eqs. (2)]
M = frozen-flow Mach number
N = number of strips into which the shock layer has been

divided
p = pressure divided by pmVm

z

s, n = coordinates along and normal to body surface, re-
spectively

T = temperature divided by Tm
u, v = velocity components in the s and n directions, respec-

tively, divided by Vm
V = total velocity divided by Vm
x, r = coordinates along and normal to body axis, respec-

tively
a = degree of dissociation, mass fraction of atoms
j8 = shock-wave inclination angle
8 — shock-layer thickness in the n direction
6 = body-surface inclination angle
p = density divided by p^
Subscripts
b = quantity evaluated on the body surface
c = corrected surface quantity
i = index [Eqs. (1)]
m = quantity evaluated on the midline of the shock layer
8 = quantity evaluated at the shock wave
oo = quantity evaluated in the freestream

Introduction

SPECIFICALLY designed for high-speed computers, the
method of integral relations is a numerical analysis tech-

nique for solving nonlinear partial differential equations.
In applying the method to supersonic, in viscid-flow problems,
one divides the shock layer into N strips for the Nth ap-
proximation. The governing partial differential equations,
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written in divergence form, are then integrated across these
strips to obtain the approximating system of ordinary equa-
tions. For this integration certain integrands are replaced
by Nth degree polynomials in the normal coordinate. The
method and its applications in fluid mechanics have been
reviewed recently by Belotserkovskii and Chushkin.1 An
obvious advantage of the method is that the highly efficient
techniques for solving ordinary equations that have been
developed for high-speed digital computers may be utilized.
As in all integral methods the major disadvantage is lack of
detail.

Most applications have been in mixed-flow problems such
as the sonic flow past ellipses and ellipsoids and the super-
sonic flow past a blunt body. Other applications have
treated conical flows without axial symmetry, nozzle flows,
and the viscous boundary layer. Since these works con-
sidered ideal-gas flows, an obvious extension is the applica-
tion of the method of integral relations to real-gas flows.
Two such applications have been reported. Shih et al.2
used the one-strip (i.e., first approximation) integral method
to calculate nonequilibrium dissociating flow of a five-
component (N2, 02, NO, N, and 0) gas past a hemisphere;
South3'4 considered the flow of a vibrationally relaxing
diatomic gas past wedges and cones using the first, second,
and third approximations. Aside from the basic difference
in the two problems (i.e., mixed elliptic-hyperbolic problem
vs purely hyperbolic problem, respectively) there are differ-
ences in the manner in which the method has been applied
to obtain the final approximating systems.

In applying the standard method to nonequilibrium flow
past wedges and cones, South4 found that the asymptotic
value (far from the tip) of the surface vibrational energy did
not converge as the order of the approximation increased.
This is due to the improper weighting of the frozen-flow
boundary condition at the shock wave. A modified procedure
has been developed5 which more properly weights this
boundary condition as equilibrium is approached. The
modification uses only one strip and replaces integrals by
weighted averages of the integrands where the appropriate
weighting is determined by considering the relaxation history
along streamlines.

The purpose of the present paper is to summarize results
obtained using the standard and modified integral methods
to calculate real-gas flow past pointed bodies. Specifically,
the following flows have been computed: 1) frozen or equi-
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Fig. 1 Flow geometry, coordinate system, and strip
arrangement for N = 2.

librium air flow past a circular cone at zero incidence (N = I ,
2); 2) frozen flow past pointed bodies with arbitrary surface
curvature (N — 2); and 3) nonequilibrium flow: a) stand-
ard method, i.e., vibrational relaxation in a pure diatomic gas
over a wedge (N = 1, 2, 3) and cone (N = 1, 2) or dissocia-
tion relaxation for the Lighthill-Freeman6'7 gas over a wedge
(N = 1); and b) modified method, i.e., vibrational relaxation
in a pure diatomic gas over a wedge or dissociation relaxation
for the Lighthill-Freeman gas over a wedge.

Results for the circular cone4'8 are compared with those of
Ref. 9 (frozen flow) and Romig10 (equilibrium air). The
vibrational relaxation results are compared with the char-
acteristics results of Sedney et al.,11'12 whereas the results
for the Lighthill-Freeman "ideal dissociating gas" are com-
pared with those of Capiaux and Washington.13

Problem Description

The physical problem discussed herein is the steady super-
sonic flow of a pure diatomic gas (or equilibrium mixture) past
pointed bodies at zero incidence. The shock wave is at-
tached at the tip and the flow is inviscid and isoenergetic.
In nonequilibrium calculations for wedges and cones, only one
dissipative mechanism is allowed to relax. Since several
different gas models and body shapes are discussed herein,
the reader is referred to Refs. 3-5 for explicit forms of the
exact equations as well as the specific approximate equations
that were used in the computations.

Exact Equations

The shock geometry and coordinate system for a pointed
body of revolution are shown in Fig. 1 where the shock layer
has been divided into two strips of equal width in the body-
normal direction. The exact differential flow equations
(continuity and both momentum equations), as well as the
rate equation for a nonequilibrium calculation, are first
written in a body-oriented, curvilinear s, n coordinate sys-
tem.14 Then each one is put into the divergence form,
namely,

bft/dw - F> = 0 (i = 1 to k) (1)
where the index i refers to a particular flow or rate equation.
The functions Qi, ft, and Ft are known functions of s, n, and
the k unknown dependent variables such as velocity com-

ponents and pressure. For example, the continuity equa-
tion for the curved body shown in Fig. 1 is

(t>fi>s)(pur) + (2>/<)ri)lpvr(l + Kn)] = 0 (2)

where r = rb + n cos0, and K = —dO/ds. The quantities
Qi, ft, and Fi are easily identified. The number of dependent
variables is reduced to the number k by using the equation
of state and the total enthalpy equation.

Boundary Conditions

It is assumed that frozen flow exists across the shock wave.
In a nonequilibrium calculation, then, the value of a non-
equilibrium energy parameter does not change from its free-
stream value as the fluid passes through the shock wave.

The location of the shock wave is computed from a differ-
ential equation that is determined from the geometry of the
problem. For the body depicted in Fig. 1, this equation is

d8/ds = (1 + K8) tan(/3 - 0)
The shock attachment condition requires that

5(0) = 0

(3)

(4)

Since the surface of the body is a streamline, the normal
velocity component on the body must vanish for all values of
s, that is,

v(s, 0) = vb(s) = 0

Approximate Integral Solution

(5),

Standard Method

The method of integral relations provides a logical pro-.-
cedure for converting the exact Eq. (1) into an approxk.
mating system of ordinary equations. First, the shock layer
is divided into a number of equal width strips. The accuracy
of the approximation is improved by increasing the number
of strips; however, for an arbitrary body, the algebra be-
comes very involved for more than two strips. Since it has
been found that the two-strip approximation generally gives
good results, this approximation has been depicted in Fig. 1
and the following remarks on the standard method will be-
for N = 2. Next, each of Eq. (1) is integrated over the
body-normal coordinate n from the body surface to each of'
the strip boundaries. In this case then

d- fd/2 Qidn - \Qi, mf + ft, „ - ft, 6 -ds Jo 2 ds
/•s/2

J0 Fidn = 0 (6),

and
d f s dd
— I Qidn - Qi,8^- + ft.ids Jo J~ds -i:F4n = 0

(7)-
where Qi, & means Qi evaluated on the body surface, subscript,
m refers to midline and subscript <5 to shock wave. Leib-
nitz's rule for differentiation under the integral sign has been
used in Eqs. (6) and (7).

The unknown integrals of (6) and (7) are evaluated by
assuming second-order interpolation polynomials in n for the
integrands Qi and F*; that is,

+ qi, in + qit 2n2 (8)

where the coefficients qit 0, etc., depend linearly on the func-
tions Qi, 6, Qi, m, and Qi, §. The approximating set of 2k
ordinary differential equations is obtained by substituting -
Eq. (8) into Eqs. (6) and (7). These equations are, respec--
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tively,

25 ;ds ,ds
4ft, n + 5ft,

5 | Q;,5 + (as

8(2Fit m + Fi, «) = 0 (9)

4(ft, b - 2ft, m + ft, 5) - 5(Fi, 5 - = 0 (10)

where £ = 1 to &.
It should be noted that the quantities ft, ft, and .Ft con-

tain geometric as well as the fluid and thermodynamic vari-
ables. We feel that it is more efficient, in terms of compu-
tational time, to algebraically obtain separate differential
equations for 2k dependent variables and then numerically
integrate the set, than to directly integrate Eqs. (9) and (10)
(also 2k in number), and numerically separate the quantities
of interest at each step. Thus considerable algebraic manip-
ulation is required to obtain the computational set.

In previous ideal-gas studies, conservation of streamline
entropy was used in lieu of the tangential-component mo-
mentum equation. In the nonequilibrium work of Shih et
al.,2 the rate and tangential-component momentum equa-
tions were included in the exact system, but were not in-
tegrated across the shock layer. These equations were ap-
plied in their exact forms along the surface, which is a stream-
line.

In our work, all of the partial differential equations, in-
cluding the rate equation for a nonequilibrium flow, are
integrated across the shock layer. Incongruities in the re-
sulting approximating system occur; for example, the exact
forms of the tangential-component momentum and rate
equations were not satisfied at the surface. As the order of
the approximation is increased, the numerical results indi-
cate that these exact forms are more nearly satisfied.

Tip solution

The shock attachment boundary condition, Eq. (4), causes
the coefficients of the derivatives in Eqs. (9) and (10) to vanish
at the tip, since each contains the factor d. [Note that
dd/ds is given by Eq. (3).] If a regular solution exists, then
the remaining terms must also vanish at the tip. This condi-
tion leads to a system of nonlinear algebraic equations in
2k unknowns (after using the state and total enthalpy
equations) which gives the tip solution. When a rate equa-
tion is included in the exact system, the result of applying
the regularity condition to it is that the flow is frozen through-
out the tip region.

Application of the preceding regularity condition has
made the initial or tip derivatives indeterminate. These
derivatives are evaluated by differentiating the approximate
system and taking the limit as s —*• 0. It is found that the
initial derivatives so obtained are functions of the initial
values. Thus the approximating system forms an initial
value problem, where these initial values are obtained from
limiting forms of the system at the tip.

Asymptotic rate equation

As previously stated, the rate equation is one of the mem-
bers of the exact set for a nonequilibrium flow and is also
converted to the ordinary differential equations (9) and (10).
Far from the tip, d <x s so that d—> °o as s -> ». The frozen-
flow boundary condition gives dQi, §/ds = 0, once the shock
wave has attained its equilibrium inclination. Thus Eqs.
(9) and (10) become, respectively,

(d/ds)Qi, m = Fi, m + $Fit s as s -> co (11)
(d/ds)Qi, 5 = Fit 5 - Fit 8 as s -> °o (12)

For a rate equation, Qi contains the nonequilibrium energy
parameter whereas Ft contains the driving force of the
equation. Intuitively, the driving force should vanish
throughout the shock layer when equilibrium is attained.
The frozen-flow boundary condition, however, causes Fit § to
be nonzero for all values of s. Thus it is seen from Eq.
(12) that (d/ds)Qi, b does not vanish as it should due to the
presence of Fit s. It is seen that Fit 5 also appears in Eq.
(11), but it receives less weight than Fit m. For all approxi-
mations (any value of N), Fit s and Fit & appear in the sur-
face rate equation and receive equal weight; only the sign
between them changes with the order of the approximation.
A modified procedure has been developed which more prop-
erly weights the relative contributions of Fit s and Fit & far
downstream.

Modified Method

Polynomial profiles [Eq. (8)] are used in the standard
method because they are expedient and can be logically ex-
tended to any desired approximation. For a nonequilibrium
flow, however, the shock-layer profiles approach discontinuities
far downstream due to the frozen-flow shock condition and
cannot be adequately described by low-order polynomials.
Although high-order polynomials would better describe
these profiles, the algebra alone becomes prohibitive for
more than three strips. The modification introduced in this
section is an attempt to better account for these highly non-
linear profiles.

In the modified method only one strip is used and relative
weighting of the quantities evaluated on the strip bound-
aries is adjusted to allow for nonequilibrium effects. The
polynomial profiles assumed for certain integrands are not
used. Integrals in Eq. (7) are replaced by

4n = , b

(13)
i dn = 5[(1 - bt)Fi, b +

where a» and &», yet undetermined, are the nonequilibrium
weighting functions for ft and Fi, respectively. Using
Eqs. (13), Eq. (7) becomes

6(1 - ai) j- Qit b + da* ~ Qi, 8 - d(Qi. b - ft.«) ̂  +ds ds ds

(1 - aO(ft, 6 - Qi, 8) + ft, 8 - ft, 6 -

6[(1 - = 0 (14)
where i = 1 to k. As in the standard method, Eqs. (14)
must still be manipulated in order to obtain separate differ-
ential equations for k dependent variables. There are not
enough independent conditions to determine all of the non-
equilibrium weighting functions that have been introduced.
Additional physical conditions must be used to determine the
functions a» and &».

For the modified wedge results presented herein, the
weighting functions are determined independently as follows.
With Qi defined as

Q< = 0, dn

Eqs. (13) are solved for a,- (or &<) giving

at = (Qi - Qi, .)/(&. s -

(15)

(16)
First, an approximate frozen-flow solution is used to obtain
the shock geometry and streamline positions. Next, the
streamline rate equation is integrated along the frozen-
flow streamlines to determine the nonequilibrium variation
of Qi. Then Qi is integrated across the shock layer to get
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Fig. 2 Shock-wave inclination vs cone semivertex angle
for frozen flow.

Qi, defined by Eq. (15). Finally a», a function of s, is com-
puted from Eq. (16).

For a wedge, the frozen-flow shock wave and streamlines
are straight. Reference 11 shows that little error is intro-
duced if the velocity is held constant while the streamline
rate equation is integrated. These two approximations allow
one to reduce the determination of the weighting functions to
a single integration over s, which can be performed along with
the integration of the approximating set, Eqs. (14). For
more complex flows, these simplifying approximations are
not valid and the determination of the weighting functions
will not be so easy.

Tip solution

Just as in the standard method, the shock attachment
condition causes the coefficients of the derivatives in Eqs.
(14) to vanish at the tip. Again the regularity condition
requires the remaining terms to vanish and leads to a system
of nonlinear algebraic equations, in k unknowns. However,
the weighting functions must be determined independently.
The initial derivatives are again found to be functions of the
initial values. For a wedge, the initial value of all the
weighting functions is i, so that the modified and one-strip
standard solutions are the same in the tip region.

Asymptotic behavior

Far from the tip, most of the shock layer is in equilibrium
so that the weighting functions are changing very little with
8. Thus,

0

Furthermore, since
Eq. (16) gives

0 and

as

Qi, & and

* 0

Qit b as s

as

(17)

(18)

asAs stated when discussing the standard method, d ->
5 -+ co and, for a rate equation, (d/ds)Qi, 5 —*- 0 as s ->- <».
Thus application of Eqs. (17) and (18) and the preceding to
Eqs. (14) gives

(d/ds)Qi, 6 = as (19)
Equation (19) does not contain Fit 5, the term that caused
the asymptotic form of the rate equation of the standard
method [Eq. (12)] to give the improper surface energy
asymptote.

Since the rate equation of the modified method has the
proper asymptotic form, an algebraic asymptotic solution
can be obtained. The driving force of the rate equation (a
factor in F%, &) vanishes when equilibrium is reached so that
the rate equation can be replaced by the equilibrium condi-
tion. The requirement that the other derivatives vanish
coupled with Eqs. (17) and (18) gives the algebraic asymp-
totic solution. For a wedge, this solution gives the same
shock-wave inclination and body-surface properties as the
equilibrium-flow solution. However, the properties im-
mediately behind the shock wave have the frozen-flow values,
not the equilibrium-flow values.

Numerical Results

For frozen or equilibrium flow past a cone (body curva-
ture zero) similarity considerations show that the shock wave
Is straight and flow properties remain constant along rays
emanating from the tip. In this case every strip boundary
is a ray, and thus the s derivatives of the physical variables
must vanish for all values of s. Applying this condition to
the approximating set yields the same algebraic solution for
all s as that previously obtained for the tip solution.

DEG

B =50°

40°c

Exact (ref. 10)
N = l

30'

20'

Tip Solution

Figure 2 illustrates the agreement of the shock-wave
inclination computed from the approximate4 conical solution
with that from the exact9 numerical solution for frozen flow.

r'brb

= 5 ° " ^
---- 7 . 5 ° > N = 2
—— -—— IO°J

o Small-disturbance theory(ref. 15)

25 29
.25 .333

Fig. 3 Angular shock-layer thickness vs freestream Mach
numher for equilibrium flow of air past a cone; p^ =10~3

atm and Tm = 273°K.

Fig. 4 Surface pressure-coefficient gradient vs a combined
supersonic-hypersonic similarity parameter at the ogive

tip.
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The abscissa is the cone semivertex angle 6. Results for
both the first and second approximations are shown where
they differ. It can be seen that the second approximation
is better for Mra < 2, but that both agree very well for Mm >
2. Figure 3 shows the angular shock-layer thickness /3 — 6
(vs Mm) as computed from the first approximation8 for air
in thermodynamic equilibrium. The agreement with the
exact numerical solution computed by Romig10 is seen to be
good, the average difference being about 1%.

Initial values for a pointed body with arbitrary surface
curvature are the same as those for a body with no curvature;
the initial derivatives, however, are nonzero due to the curva-
ture terms. Figure 4 shows the gradient of the surface pres-
sure coefficient at the ogive tip in the form suggested by Van
Dyke's15 hypersonic small disturbance theory. The abscissa
is the combined supersonic-hypersonic similarity parameter.
As the semivertex angle is decreased, the present results ap-
pear to converge on those of the small disturbance theory,
which is exact in the limit 6 —*• 0.

.5881-

-N=2; fixed step size.- AS = O.OOI
- N=2; stability criterion applied

.584 -

.582

•AS = 0.001 satisfies criterion beyond S« 0.013

Fig. 6 Effect of hyperbolic stability criterion 011 surface
pressure.

Hypersonic Stability Criterion

In attempting to integrate some cases away from the tip,
it was found that a stability criterion related to the Mach
line characteristics had to be applied. For simplicity, we
show in Fig. 5 a straight body where the shock layer is divided
into two strips. Data are known at the shock wave, on the
midline, and on the surface (denoted by the circles in Fig. 5).
The maximum integration step size As which can be used is
determined from the intersection of the characteristics. An
approximate criterion on As is obtained by assuming that
the streamlines are parallel to the surface and the local
Mach number is equal to the surface Mach number Mb.
For two strips this criterion is

As ^ (6/4) (M&
2 - (20)

The effect of applying the criterion of Eq. (20) is shown in
Fig. 6. Note that in this case, the solution with the fixed
step size quickly became stable once that step size satisfied
the stability criterion. This criterion must be applied in
both the standard and modified methods. The approximate

-;-Macri line characteristics

system thus appears to retain the character of the original
hyperbolic system.

Frozen Flow

Xerikos and Anderson16 have questioned the applicability
of the method of integral relations in the supersonic flow
regime for good reason: the influence of the surface boundary
propagates along the normal coordinate rather than along the
left-running (C+) characteristic. We find that even though
this is true, the method partially compensates for this anoma-
lous behavior. Details concerning this point are given in
Ref. 17.

Figure 7 shows the variation of the surface pressure
coefficient with x (the axial distance, nondimensionalized by
the afterbody diameter) for frozen flow past a three-segment,
pointed axisymmetric body. It is seen that the agreement
with characteristics is good. For some cases with larger
semivertex angles and middle-segment curvatures, the
surface pressure becomes negative near the shoulder and the
integration stops.17 For these cases, there are strong en-
tropy gradients in the shoulder region and apparently the
two-strip approximation is not accurate enough to adequately
account for them.

Nonequilibrium Flow

In order to compare the standard and modified integral
results with one another as well as with existing character-
istics computations, the nonequilibrium results are divided
according to gas models. These results are restricted to
flow over wedges and cones for the standard method and
wedges only for the modified method. Details such as the

.lop

Fig. 5 Approximate hyperbolic stability criterion for N
= 2.

Fig. 7 Surface pressure coefficient vs axial distance for
frozen flow past a cone, circular arc, cylinder; 6 = 12.5°

and MM = 10.
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o Characteristics (ref. II)

—— - —— Standard N = I (ref. 4)

— - - - Standard N = 3 (ref. 4)

+ - + — Perturbation (ref. 18)

Fig. 8 Surface pressure and shock-wave inclination vs
nondimensional surface distance for a wedge: case I.

characteristic temperatures, nonequilibrium rate parameters,
rate equations, and length scales (which are used to non-
dimensionalize the distances) are given in Ref. 3-5.

Vibrational relaxation

Two cases, a wedge and a cone, are considered for vibra-
tional relaxation. In both, the gas is pure nitrogen and the
freestream temperature is taken as 300° K. The following
conditions apply: in case I, wedge: Mm = 6 and 0 =
40.02°, and in case II, cone: Mm = 12 and 0 = 46.39°.
The characteristics results for case I are given in Ref. 11 and
those for case II in Ref. 12.

The results for the surface pressure and shock-wave in-
clination for case I are shown as a function of nondimensional
surface distance in Fig. 8. Standard integral results for
N = 1 and N = 3, modified integral results, characteristics
results, and recent perturbation18 results are given. Stand-
ard integral results for N = 2 lie very close to those for N =
3, and so are omitted in order to avoid confusion in the figure.
The tick marks labeled "eq." are the appropriate equilibrium-
flow values that both the pressure and shock angle should
have as asymptotes. It is seen that the modified method
gives better asymptotes than the standard method and that
the three-strip standard results are better than the one-strip
results.

The surface pressure distribution and shock angle for case
II are shown in Fig. 9. Standard integral results f or N = 1
and N = 2 and characteristics results are given. The detri-
mental effect of the improper surface rate equation on the sur-
face pressure can be seen in Fig. 9a. The N = 2 results are
much better than those for TV = 1, and it is felt that for
both of these cases, the approach to equilibrium is ade-
quately described by two strips.

As mentioned previously, the tangential momentum and
rate equations of the approximating set are not equivalent
to the exact momentum and rate equations along the surface.
This is due to the fact that the exact equations have been
integrated across the shock layer and must necessarily ac-
count for properties within the shock layer. The exact
surface momentum and rate equations are integrated in

addition to the approximating set in order to obtain corrected
values of the remaining surface variables. It is tempting to
replace the two corresponding equations of the approximating
system with these two exact equations, but South4 finds that
such a "hybrid" system is unstable. If only the exact rate
equation is used in lieu of its approximate counterpart, the
asymptotes are worse than those of the complete approxi-
mating system. Such a "hybrid" system was used in the
nonequilibrium blunt-body study of Shih et al.2

In Fig. 10, the surface vibrational energy and tempera-
ture from the approximating system as well as those from
corrected equations for case I are compared with the char-
acteristics results. This figure shows the nonconvergence of
the vibrational energy due to the improper rate equation of
the standard method. The modified results go asymptoti-
cally to the equilibrium-flow values (tick marks labeled "eq.").
Curves labeled C are the corrected results for both integral
methods (all approximations) to the scale of the figure.
These corrected equations must be integrated in order to ob-
tain the surface entropy-layer effects. The manner in which
the upper limit to these effects is computed is not known.
It appears that for the cases considered, the equilibrium
condition for the frozen-flow shock-wave inclination gives
values that are upper bounds for the corrected asymptotes.
(This corresponds to the equilibrium-flow solution for a body
with a larger vertex angle.) The tick marks labeled "fr."
give these values.

Dissociation relaxation

The dissociation relaxation case considered is for flow of
the Lighthill-Freeman "ideal dissociating gas" past a wedge.
The parameters for this case, called case III herein, correspond
to oxygen where the freestream conditions are about those
for an altitude of 150,000 ft. For case III (wedge) the follow-
ing conditions apply: Ma = 32 and d = 25.175°. The
characteristics results for this case are presented as case I in
Ref. 13.

O Characteristics (ref. 12

• (ref. 4)
- N = f ) .
- N = 2J '

Fig. 9 Surface pressure and shock-wave inclination vs
nondimensional surface distance for a cone: case II.
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Results for the surface pressure and shock-wave inclination
are presented in Fig. 11 as a function of the nondimensional
surface distance. It appears that the highly nonlinear
shock-layer profiles cause the one-strip standard results to
depart significantly from the characteristics results. The
modified results have been computed using weighting func-
tions determined from both the frozen-flow and equilibrium-
flow shock inclinations and streamline geometries. Again,
the tick marks labeled eq. are the equilibrium-flow values.

The surface degree of dissociation and corrected tempera-
ture are plotted in Fig. 12. The corrected equations must
be used in order to obtain the surface entropy-layer effects.
Figure 12 shows that the corrected quantities from both
integral methods are indistinguishable when plotted to the
scale chosen. The tick marks labeled "fr." are the equilib-
rium-flow values for the frozen-flow shock-wave inclination.
It is seen that the corrected integral method asymptotic
values are bounded by the tick marks, but that the charac-
teristics results for the surface temperature asymptote does
not appear to fall between the tick marks. Characteristics
results of case I for both the surface vibrational energy and
surface temperature did asymptotically fall between the
"fr." and "eq." tick marks.

Conclusions

The numerical results indicate that the method of integral
relations can be used to obtain good shock-wave shapes and
pressure distributions. The success of the modified integral
method for more complex flows should not be inferred from
the modified results presented herein, since these results have
been obtained only for wedge flow, a very simple flow.
Several general features have been observed concerning the
application of the method of integral relations to supersonic
real-gas flows over pointed bodies.

1) The approximating system forms an initial value prob-
lem; this would be the correct problem for the exact system
of hyperbolic partial differential equations. The initial
values are determined from algebraic equations that are the
limiting forms of the approximating system at the body tip.

Corrected surface energy for
both integral methods in all
approximations (to the scale
of this figure)

0

6.0 I-

————— >See Figure 8(b)

Corrected surface temperature
for both integral methods in all
approximations (to the scale of
this figure)

TfT
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|
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Fig. 11 Surface pressure and shock-wave inclination vs
nondimensional surface distance for a wedge: case III.

2) An approximate algebraic solution, valid for frozen or
equilibrium conical flow, is obtained from the approximating
system as a special case. This solution is the same as that
for the nonequilibrium initial values mentioned previously.

3) A stable integration of the approximating system of
ordinary differential equations is obtained only if the integra-
tion step size is controlled by a stability criterion related to
the Mach line characteristic curves. Thus, the approximat-
ing system appears to retain much of the character of the
original hyperbolic equations.

4) Even though the surface boundary signals propagate
along the body-normal direction instead of the left-running
characteristic curve, the integral method partially com-
pensates for this anomalous behavior.

5) The exact forms of the surface rate and tangential-
component momentum equations cannot be used successfully
in lieu of their counterparts in the approximating system,
However, they are used as auxiliary equations to yield im-
proved distributions for the surface quantities such as tem-
perature, density, and velocity.

6) For nonequilibrium flow past wedges and cones, the
two-strip standard method of integral relations gives good
over-all results. Although the approximate rate equation
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Fig. 10 Surface vibrational energy and temperature vs
nondimensional surface distance for a wedge: case I.

Fig. 12 Surface degree of dissociation and temperature vs
nondimensional surface distance for a wedge: case III.
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does not exhibit correct asymptotic behavior in any approxi-
mation, the affected variables can be corrected as indicated
in 5.

7) The modified method gives better asymptotic results
than does the standard method for nonequilibrium flow
past a wedge. It is still necessary to apply the corrections
noted in 5 to obtain the surface entropy-layer effects.

It is concluded that the method of integral relations is
generally applicable to supersonic real-gas flow past pointed
bodies. Furthermore, the method is simple in formulation
and readily adaptable to machine calculation.
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